Despite remarkable accomplishment, the classical hydrodynamic stability theory fails to predict transition in wall-bounded shear flow. The shortcoming of this modal approach was found 20 years ago and is linked to the non-orthogonality of the eigenmodes of the linearised problem, defined by the Orr Sommerfeld and Squire equations.
Despite remarkable accomplishment, the classical hydrodynamic stability theory fails to predict transition in wall-bounded shear flow. The shortcoming of this modal approach was found 20 years ago and is linked to the non-orthogonality of the eigenmodes of the linearised problem, defined by the Orr Sommerfeld and Squire equations.
The associated eigenmodes of this linearised problem are the normal velocity and the normal vorticity eigenmodes, which are not dimensionally homogeneous quantities.
Thus non-orthogonality condition between these two families of eigenmodes have not been clearly demonstrated yet. Using an orthogonal decomposition of solenoidal velocity fields, a velocity perturbation is expressed as an L 2 orthogonal sum of an Orr Sommerfeld velocity field (function of the perturbation normal velocity) and a Squire velocity field (function of the perturbation normal vorticity). Using this decomposition, a variational formulation of the linearised problem is written, that is equivalent to the Orr Sommerfeld and Squire equations, but whose eigenmodes consist of two families of velocity eigenmodes (thus dimensionally homogeneous). We demonstrate that these two sets are non-orthogonal and linear combination between them can produce large transient growth. Using this new formulation, the link between optimal mode and continuous mode transition will also be clarified, as the role of direct resonance. Numerical solutions are presented to illustrate the analysis in the case of thin boundary layers developing between two parallel walls at large Reynolds number.
Characterisations of the destabilizing perturbations will be given in that case. The evolution of infinitesimal perturbations with two homogeneous and one inhomogeneous directions is described by the linearised incompressible Navier-Stokes equations. By using a velocity-vorticity formulation, the linearised equations reduce to the classical Orr- They also attribute the growth of disturbances to exact resonance between Orr-Sommerfeld and Squire eigenmodes.
In this paper we will revisit the classical O-S equations using an orthogonal decomposition of solenoidal velocity fields, based on the normal velocity and vorticity component. This allows to analyse the linearised Navier-Stokes equations (equivalent to the O-S equations)
in term of two dimensionally homogeneous families of velocity eigenmodes instead of the classical (not dimensionally homogeneous) eigenmodes for the normal velocity and vorticity (Schmid and Henningson 3 ). Using this formulation, the link between optimal mode and continuous mode transition will be clarified. We will also address the question of the role of direct resonance as it was suggested by the asymptotic analysis of Hultgren et al 11 , and emphasis in Zaki and Durbin 10 .
This paper is organised as follows. Section II contains the description of the orthogonal decomposition used for the analysis. In Section III, this decomposition is applied to the linear stability analysis of parallel flow in bounded domain. Numerical solutions will be presented in Section IV to illustrated the analysis in the case of thin boundary layers developing between two parallel walls at large Reynolds number. Discussion and concluding remarks are then presented in Section V. 
II. ORTHOGONAL DECOMPOSITION OF SOLENOIDAL FIELDS
where u mp is the vector function of Fourier coefficients associated with wave-numbers α and 
Both velocity and vorticity components verify orthogonality conditions: u 
III. SHEAR FLOW IN BOUNDED DOMAIN
A shear flow is considered in a parallelepiped Ω limited by two parallel planes distant from L y = 2h apart (see Figure1). As usual for local stability analysis, the base flow is assumed to be parallel in the x-direction U b = U b (y) e x and the perturbation is expanded in Fourier series (1) with homogeneous boundary conditions at y = ±h.
Following Pasquarelli et al 20 , a weak formulation of the Navier-Stokes equations for the perturbation can be written in divergence-free function space. By using an expansion in Fourier series, the weak formulation for u mp reads by virtue of orthogonality of the trigonometric functions with respect to the L 2 inner product < ., . > L 2 :
where NL(u, u) represents the non linear terms. We note that the pressure is eliminated from the formulation (4), because the solution u mp and its variations v mp are solenoidal.
Using the orthogonal decomposition (2), the weak formulation (4) is equivalent to:
where M = ∂ t is the temporal operator and L = ıαU
mp the diffusion and transport by the mean flow U b operator. The linear parts of these equations are equivalent to the classical Orr-Sommerfeld/Squire equations. As this weak formulation is equivalent to the virtual work principle apply to the perturbation, the different terms of equations (5) (6) can also be interpreted in terms of transport, diffusion and transfer of kinetic energy. By denoting M os and L os the OS projection of M and L (i.e. M os u =< Mu, v os > L 2 ), and identically for M sq and L sq , the equivalent matrix form of equations (5-6) reads:
In these equations, the term that represents the transfer of energy between the base flow U 
A. Temporal stability analysis
To solve the linearised equations (7), wavelike solutions are sought of the form u(x, t) = 
which is equivalent to the classical Orr-Sommerfeld/Squire eigenvalue problem for the nor- 2 ) is maximum.
B. Transient growth
As explained in Section III A, the OS projection u os of a perturbation u mp can initiate transient growth. In the following, we will consider an initial OS perturbation u(t = 0) = u os , in a linearly stable problem where all the eigenvectors in E mp are damped. From the previous analysis, the perturbation u can be decomposed into the sum of two contributions: u + that is a sum of eigenvectorsũ +,l ∈ E + mp and u − that is a sum of eigenvectorsũ −,l ∈ E − mp . To simplify the analysis, let us consider the case where u + is equal to an eigenvectorũ +,l :
At t = 0, the SQ projection u sq has large contributions from eigenvectors u −,n sq with eigenvalues λ l different from λ l , as illustrated on Figure  2 . At t = 0, the perturbation is a small OS velocity u + os (t = 0), but consists of a sum of two large non-orthogonal eigenvectorsũ + andũ − , having large but opposite SQ velocity. If the imaginary part of λ + is smaller than those of λ − , that is the decay rate ofũ + is larger thanũ − , thenũ + decreases more rapidly thanũ − . Over time, the perturbation becomes essentially a SQ velocity u − sq (t = t 0 ), that can be much larger than the initial SQ velocity u + os (t = 0) for short time t 0 > 0. This is however a transient growth, because in the large time limit t 0 → ∞, the perturbation u will decrease to zero. A characterisation of this transient growth is the amplification rate that can be written for an OS perturbation as:
C. Optimal mode
A classical tool to analyse transient growth is the determination of optimal perturbations, that are initial conditions, that will reach the maximum possible amplification at a given time t 0 . The optimal mode is the initial perturbation u mp (t = 0) with unity L 2 -norm having the largest L 2 -norm at time t 0 . By using the orthogonal decomposition (3), the maximum possible amplification G max (t 0 ) is: 
IV. NUMERICAL SOLUTION FOR WALL-BOUNDED FLOW
The wall-bounded flow studied here consists of thin boundary layers developing between two parallel walls at large Reynolds number. The channel height is such that the boundary layer thickness is small compared to the wall distance, so that there is no interaction between the two boundary layers. Such a configuration was used by for the boundary layer (β * = 0.65 and G max (t max ) = 177). We observe also that the transient growth rate is very large, i.e. greater than 100, for a large range of disturbances having spanwise wavenumber β between 1/δ and 3/δ and streamwise wavenumber at least ten times smaller α ≤ 0.1/δ. Figure 3a shows the calculated optimal mode and its orthogonal decomposition at t = 0 and t = t max . As seen on this figure, the initial optimal disturbance is an OS velocity characterised by nearly spanwise vortices inside the boundary layer. Then, as expected, the perturbation transforms itself over time into Squire velocity, and at t = t max this perturbation is mainly a SQ velocity, that presents a large peak in the streamwise direction. This profile corresponds to the classical shape of streaks inside the boundary layer. Figure 3b shows the repartition of the modulus of the expansion coefficients a l in the eigenvectors basis E + and E − for this optimal perturbation:
As seen in this figure, the optimal mode is a wide combination of eigenmodesũ +,l andũ −,l .
In the following, the mode number l is sorted by decreasing eigenvalue imaginary part, such that a low mode number l corresponds to an eigenvalueũ l with a low decay rate. We notice also the clear separation between the dominant modes associated with the coefficients a + l and a − l , indicating that they are associated with well-separated eigenvalues. The modulus of the coefficients is large (≫ 1), indicating a strong non-orthogonality of the eigenvectors (for orthogonal eigenvectors we should have |a l | < 1). As the coefficients a − are larger than a + for small mode numbers l, they are associated with eigenmodes with smaller decay rate and the optimal mode will contain at t = t max essentially u −,l sq eigenvectors:
B. Transient growth
To characterize the link between transient growth and non-orthogonality, we define for each eigenvector u +,l a coefficient Ξ l mp defined as the relative norm of its OS projection:
This coefficient is the absolute value of the cosine of the angle between the eigenvector and the OS velocity space and thus characterises the orthogonality of the eigenvector with the set E 
In that case the shape (along y) y d y U b of the transient response u sq is independent of the destabilizing perturbation v os , and only its amplitude
is a function of the perturbation v os (C depends on the normal wavelength of v os ). 
